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ON THE SPATIAL STABILIZATION OF THE BEAM-PLASMA INSTABILITY
by
E. A t le e  Jackson
1. In troduct ion
(1 2 3)I t  has been observed in many experiments ’ ’ that when a low 
d en s i ty  e n e rg e t i c  beam o f  e l e c t r o n s  i s  i n j e c t e d  in to  a plasma, o s c i l l a t i o n s  
are generated which in cr ease  in amplitude as one moves away from the i n j e c ­
t i o n  p o in t .  At la rger  d is tan ces  these o s c i l l a t i o n s  saturate  and 
subsequently decay.  There are at l e a s t  three mechanisms which can be 
re sp o n s ib le  f o r  th is  c o n t r o l  o f  the l in ear  i n s t a b i l i t y .  These a r e ,  in the
order  o f  increas ing  n o n l in e a r i ty :  (a)  I f  the l i n e a r l y  unstable  modes have
(4)
a broad spectrum o f  wave numbers , Ak, then the beam may be s t o c h a s t i c a l l y  
h e a t e d ^  as i t  passes in to  the plasma. Once the beam obta ins  a thermal 
spread,  Avfe, such that Avfe > | uq- (oa/k) | s where uq i s  the beam v e l o c i t y ,  
then c o l l i s i o n a l  processes  w i l l  cause s t a b i l i z a t i o n ,  and p o s s i b ly  the sub-
(3)sequent decay;  (b)  I f  the unstable modes have a narrow spectrum, i t  i s
p o s s i b l e  that the generat ion  o f  harmonics might induce s t a b i l i z a t i o n  and
decay through t h e i r  i n t e r a c t i o n  back on the unstable  m o d e s . j t  i s
th is  mode-mode coupl ing  which i s  the primary s u b je c t  o f  in v e s t i g a t i o n  in
the present study;  ( c )  I f  the mode-mode coupl ing  does not s t a b i l i z e  the
system then the o s c i l l a t i o n s  may grow to an amplitude which i s  large
enough to trap the beam p a r t i c l e s .  Since th is  trapping cuts o f f  the beam
('9')
movement over the waves,  the i n s t a b i l i t y  i s  terminated.  '  The subsequent 
s p a t ia l  behavior would presumable have some o s c i l l a t o r y  f ea tures  which have
2not yet  been experimenta l ly  observed.  This may, o f  course ,  simply be due 
to the c o n d i t i o n s  o f  e x i s t in g  experiments rather  than the u n iversa l  e f f e c ­
t iv en ess  o f  (a )  and/or ( b ) .
In Sect ion  2 we d er ive  the nonl inear  equations de scr ib in g  the 
mode-coupling in the case o f  a low d ens i ty  beam. In the present  case ,  
where we are concerned with s p a t ia l  growth,  i t  i s  necessary  to r e t a in  the 
e l e c t r o n - i o n  c o l l i s i o n s  in the plasma component in order to ob ta in  f i n i t e  
s p a t ia l  growth f o r  co ld  components (as th is  c o l l i s i o n  frequency tends to 
z e r o ,  the plasma thermal spread c o n t r o l s  the s p a t ia l  growth).  The character  
o f  the l in e a r  d i s p e r s io n  r e la t i o n s h ip  in that case i s  th e re fo re  reviewed.
In Sect ion  3 we d i s c u s s ,  and i l l u s t r a t e  some o f  the d i f f i c u l t i e s  involved  in 
e s t a b l i s h in g  the bounded character  o f  s o lu t i o n s  o f  nonl inear  systems o f  
equations  -  p a r t i c u l a r l y  those o f  the convo lu t ion  type .  The r e s u l t s  o f  
th i s  s e c t i o n  are l a r g e ly  negat ive  in ch a ra cte r .  In Sect ion  4 we obta in  
coupled mode equat ions f o r  th is  system, and determine the modes which are 
most s t ro n g ly  coupled .  A b r i e f  d i s c u s s io n  o f  the three-mode coupl ing  i s  
a l s o  g iv en .  In S ect ion  5 we present  r e s u l t s  o f  computer s o lu t i o n s  o f  the 
equations obtained in  Sect ion  2 and d iscuss  t h e i r  im p l i c a t i o n  concerning 
the s p a t ia l  s t a b i l i z a t i o n  o f  the beam-plasma i n s t a b i l i t y .
2.  Basic Equations
To in v e s t i g a t e  the e f f e c t i v e n e s s  o f  mode coupl ing  we cons ider  a 
s e m i - i n f i n i t e  plasma in the reg ion  x>0,  with a beam o f  d ens i ty  n° i n j e c t e d  
with a v e l o c i t y  uq (>0 ) at  x=0. Since we are concerned with the case o f  an 
e n e r g e t i c  beam, uq> >  Av  ^ (where AVp i s  the plasma thermal spread ) ,  we w i l l
3base the a n a lys is  o f  mode coupl ing  on the co ld  hydrodynamic equat ions .  This 
approximation i s  v a l id  provided that the phase v e l o c i t i e s  o f  the waves are 
ou ts id e  the thermal spread o f  both the beam and plasma, i . e .  cu/k »  Av
P
an<3 I u0~ (ou/k) | »  Av^. While th is  may be e a s i l y  s a t i s f i e d  f o r  the most 
unstable  modes, i t  i s  not equa l ly  true f o r  the harmonics,  f o r  which 
| uq - (to/k) | i s  very small .  We w i l l  return to th is  po int  below. For the 
present  we assume that the dynamics i s  governed by the equations
a )
du , du eTT + u T— H---- E = uu
ot ox m ( 2 )
dE—  = 4rre E(nu-n u ) o t  o o' (3)
where (1)  and (2 )  holds  f o r  both the plasma and beam components,  v i s  the 
c o l l i s i o n  frequency with the background ions (and i?b=0) , and the sum in 
(3)  i s  over both components. The constant  current  i s  subtracted  in (3)  to 
account f o r  the return current  ou ts id e  the system (o therwise  E would 
in crease  l i n e a r l y  with t im e) .
Since we are concerned with the s ta t i o n a ry  s t a t e ,  a l l  funct ions  
are o f  the form f ( x , t )  = E^ f(uu,x)e , where cju i s  r e a l  and f ( - o ) , x )  = f(cu,x) 
Equations (1 -3 )  then become
—  [ n(cu1) u(uu-U)1) ] - iu) n(cu) = 0 d ' )
1 d
2 dx [u(u)' )u(uo-uo1) ]  + (u-ioo)u(cjD) + -  E(U)) = 0 ( 2 1)
-iu) E(U)) = 4iTe E n(o)')u((ju-a)') ( 3 ' )
4where the sum on cjo* i s  impl ied and the v a r ia b le  x i s  suppressed.  The 
p h y s ica l  s i t u a t i o n  which w i l l  be considered i s  the case o f  a low dens i ty  
beam and small  c o l l i s i o n  frequency v (^0) . S p e c i f i c a l l y  i t  w i l l  be assumed 
that
1 »  (jl=u/ o) » a s  n ° /n °  > 0 (4)P b p
I t  should be emphasized that the c o l l i s i o n s  are necessary  to ob ta in  a 
f i n i t e  s p a t ia l  grad ient  when the plasma i s  c o l d .  I f  y _  0, then che assump­
t i o n  that cu/k »  no longer  h o ld s ,  and the f i n i t e  grad ient  i s  due to 
plasma thermal e f f e c t s .  Under the con d i t i on s  (4)  the s p a t ia l  v a r ia t i o n  o f  
the zero  frequency components can be n e g le c t e d .  Moreover the plasma dynamics 
w i l l  be l i n e a r ,  even though the beam dynamics i s  non l in ear .  To show t h i s ,
and reduce the system o f  f i v e  equations ( 1 ' )  - ( 3 * ) ,  we note that u (ou=0) = 0.
P
Then the l in e a r i z e d  plasma equation ( 2 1) and ( 3 ' )  y i e l d s
2
Wb
u (u)) = o nb (wr)u, (u) - i r) (cr^O) (5)
U )((JU + iv )-U ) D
P
where now, and below, n(u)) i s  the f r a c t i o n a l  d ens i ty  v a r ia t i o n  (so n(u)=0) = 1 ) .  
Simularly  from equations (1 *) and (5)
0),
n (u)) = -----
0)(aj+iu)-U)
2 nb 0») ( ^ ° ) ( 6)
so that | nb (o)) | >(|jL/a) | n^(cu) | , showing that the f r a c t i o n a l  dens i ty  v a r ia t i o n  
i s  la rger  f o r  the beam component under the co n d i t i o n s  ( 4 ) .  Using (5)  and 
(6)  to e l im inate  the plasma component, equat ion ( 2 ' )  f o r  the beam becomes
2 dx ub (u),) ub (uj" uj' )  " icuub (ou) +
GU(aU+iu)-OD
2 nb (w' )ub (a}-u)') = 0 (7 )
In the f o l l o w in g  the su b scr ip t  on (n ^ u ^ )  can be dropped without  c on fu s ion ,  
s ince  the plasma component has been e l im in ated .
I t  should be noted th a t ,  contrary  to the more common nonl inear  
temporal  problem, the equations ( 1 ' )  and (7)  are nonl inear in the d i f f e r ­
e n t i a l  terms.  To remove th i s  fea tu re  we e x p l i c i t l y  introduce  the rapid 
s p a t ia l  v a r i a t i o n ,  s e t t in g
n(x,ou) = N(x,to)e'*'^a)^Uo^X, u(x,cu) = uqU(x ,cu) e ^ ^ ^ uo^X (8)
and n e g le c t  the d e r iv a t iv e  o f  the non l inear  products  U(a)' ) U(cju-co1 ) and
■ /
N(u)1 )U(u3-(jd' ) compared with (cu/u^) times these products .  There fore  (1 *)
becomes
4~ [N(tt))+U(a))] + i(ou/u ) U(oj) = - i (u) /u  ) S' N(o)') U(uH a)1) (9)ux o o
where the prime on the sum i n d i c a t e s  that u)'^0,u). Again using the con-
d i t i o n s  ( 4 ) ,  the nonl inear  p o r t i o n  o f  the l a s t  f a c t o r  in (7)  may be
n e g le c te d  ( see  b e low ) .  Then (7)  y i e l d s
, i  cjuj" (cu+iv)
^  D(<o) + -------------------- —  Cu(tu) + N(ou) ] = - T,’ U(u)')U((|md ' )  (10)
U [(JD (u r l- iU )-U ) ]  o
°  P .<T:‘
From (8)  and (9)  i t  i s  e a s i l y  shown that in  the l in ear  approximation 
U = 0 N «  N. In troducing  the n o ta t ion
6Z  =  J 0 i / \b  (X(JD /  U )  p O f l  =  (jd/ cjüP
U(z ,ou)=i V(z ,0)) ( 11)
so that N and V are now o f  the same o r d e r ,  and using the con d i t i on s  ( 4 ) ,  
equations (9)  and (10)  reduce to
—  N(n) = Q V(Q) + Q E '  N(ft ' )  V(Q-Q') ( 12)
d_
dz V(Q) = € (i l )  N(0) + % Q S'  V (Q ' )  V(Q-Q') (13)
where
€(Q) = - u C O + î l l )  ü(Q+i|i) -1
(14)
and N(-Q)= N (Q) , V( -Q)=  - V ( Q ) „ The s p a t ia l  v a r ia t i o n  in (12)  and (13) 
i s  now in terms o f  the slow v a r ia b le  z .  The approximations which have 
been used to ob ta in  (12) and (13)  are such that the l in e ar  d i sp e rs io n  
r e l a t i o n  o f  these equations i s  ex a c t .  I f  we set  N(z,Q) and V(z ,f t )  pro-  
p o r t i o n a 1 to e , then the l in ear  equations y i e l d
CT+ (Q) = ±  V  ^  {  V - b V P + ^ Q ^  + i  sign(Q)  \lb+Jb2+^2Ç}2
(15)
where a (Q -1 )  +|i Q and b — Q (Q +(,1 ) -Q  . The r o o t  corresponds to 
the s p a t i a l l y  growing mode in  the p o s i t i v e  z d i r e c t i o n .  The form o f
CT_j_( )^ Is  shown in  Figure  1 (note  that the l in e ar  wave number, e ikx i s
r e la t e d  to c by k (i^/uo )- i (0! ' / ) i )  2(|i^/uo )a )  . The unstable  fr equenc ies  have a 
range uyl- \ V > ' a) > U) -2v in which the r e a l  part o f  a i s  at  l e a s t  one h a l f
7i t s  maximum va lue .  Thus the spectrum i s  more narrow as i> decr eases ,  and
the mechanism (a)  d iscussed  in the in t r o d u c t io n  i s  le s s  e f f e c t i v e .  For the
most unstable  mode one f inds  <7 = (a + i a . )+ r i
n 2 = 1-< m, / 3%) ; c r= (3 3 /2 / 8 ) % (16)
0) ^ 
k ' %  -  ‘  (3 “ / { W  u0
Since i t  has been assumed that - uq | »  Avfc> we need »  (Avb /u  ) ?
ic hand i f  cd 2cu * one f in d  that (u>/k) - ----------ct% (u /Q) whichP o — '  o
i s  much smaller than f o r  the unstable modes. Thus the present treatment,
in which a l l  modes are treated  as nonresonant ,  i s  erroneous f o r  the harmonics
o f  the unstable modes. To c o r r e c t  f o r  th i s  we might take as a reasonable
approximation the d i s p e r s io n  r e l a t i o n  f o r  a co ld  plasma and a Lorentzian
beam (with a v e l o c i t y  spread Av, )b
Q(Q+ip,) [Q -(ku / (jj ) + i(kAv /ou ) ] 2
o p  b p
o r ,  in terms o f  <J,
1 = ^(n+i|i) +
a
[ ia (a /| j , )2 + i (Av , /u  ) + a(a/|i)^(Av,  /u ) 1 2D O  b n
R eferr in g  to Figure 1, i t  i s  c l e a r  that the la s t  term in the denominator i s  
n e g l i g a b l e ,  so that
8CT±= <CTAv =0 - I « l  (M./oO%( i v b /u o ) (17)
b
O
For Cl ~  1 th is  c o r r e c t i o n  i s  n e g l i g i b l e ,  provided that (a /u )  »  (A v , /u  ) ,
b o
but f o r  Q > 2 the c o r r e c t i o n  i s  the dominant r e a l  part o f  (7 i f
^ 4
Av / v  >:> M- V 2/£l • Note that th i s  c o r r e c t i o n  can not be obtained from 
a hydrodynamic treatment ( s in c e  i t  i s  the Landau damping generated by 
a Lorentzian beam). Nonetheless i t  can be appended to the hydrodynamic 
equations by changing the fu n c t i o n  € (Q) in equation (1 4 ) ,  or by a l t e r i n g  
both l in e a r  terms in (12)  and ( 1 3 ) .  Since th is  a l t e r a t i o n  i s  not unique 
we may presumably choose e i t h e r  method (see  Sect ion  5 ) .
3.  The Problem o f  Bounded So lu t ions
The mode coupl ing  mechanism w i l l  produce sa turat ion  on ly  i f  a l l
s o lu t i o n s  o f  ( 1 2 ) - ( 1 3 ) ,  which are i n i t i a l l y  s u f f i c i e n t l y  small ,  are
bounded (as func t ions  o f  z ) .  The problem o f  e s t a b l i s h in g  c o n d i t i o n s  f o r
boundedness o f  a l l  s o lu t i o n s  o f  a system o f  d i f f e r e n t i a l  equations i s
g e n e r a l l y  very d i f f i c u l t ^l l \  Before  cons ider in g  the system ( 1 2 ,1 3 ) ,  f o r
which the con d i t i on s  are not known, we w i l l  f i r s t  review some known r e s u l t s
and some fur ther  simple examples.
One system o f  equations which a r i s e  from perturbat ion  m e t h o d s ^ ’ 
f o r  which both necessary  and s u f f i c i e n t  con d i t i on s  are known, i s
dNk i 12 / sk V  V
d k'  k" kk k k k k k VNk Nk'  Nk"
( 18)
where s = ±1 and N >0 ( r e a l  f u n c t i o n s ) .  The funct ions  |v , |2 are
9symmetric under the interchange  o f  ( k , k ' , k " ) .  In th is  case the l in ear  
equations are neutra l  (N = c o n s t a n t ) .  The necessary  and s u f f i c i e n t  con­
d i t i o n  f o r  the boundedness o f  a l l  s o lu t i o n s  such that N ( t=0 )>0 ,  i s  thatK.
there e x i s t  a set  o f  p o s i t i v e  f i n i t e  constants  fc, } ( ° ° > c  > c  > c  >0)
k max “  k ~  min
such th a t ,  f o r  ( k , k ' , k " )  f o r  which Vk>k, , k„  * 0 ,  c fcsk+ ck , s k ,+ ck„ s k„ =
I f  th is  co n d i t i o n  can not be s a t i s f i e d  ( e . g . ,  i f  a l l  s have the sign) 
then (18)  g e n e ra l ly  has s ingu lar  s o lu t i o n s  (N ~ ( l - a t )  ^) which d iverge  f o rK.
f i n i t e  times ( " e x p l o s i v e  i n s t a b i l i t i e s " ) . The p ro o f  in th is  case res ts  
h ea v i ly  upon the f a c t  that the ( r e a l )  are p o s i t i v e  d e f i n i t e  f u n c t i o n s ,  
which are l i n e a r l y  n e u t r a l .  I f  e i t h e r  o f  these co n d i t i o n s  are dropped,  
the problem o f  e s t a b l i s h in g  boundedness becomes much more complicated .
To i l l u s t r a t e  th is  po int  we cons ider  a g e n e r a l i z a t i o n  o f  a common 
three mode model
* r  “ 1 x i+ p i *2 x 3
x 2 a 2 x 2+ 9 2 X 1 x 3
x 3= a 3 x 3+ P3 x :  x 2
(19)
where the s tar  r e f e r s  to the complex con jugate .  Here the nonl inear  term 
i s  o f  a convo lu t ion  form ( i f  x = x*)  s im i la r  to ( 1 2 ,1 3 ) .  F i r s t  consider“ K. K.
the case where the 0i^= i  are purely  imaginary ( l i n e a r  s t a b i l i t y ) ,  and l e t  
xk ( t )  = Ak ( t )  e ltok t + ek ( t )  (Ak (0)>0)
One r e a d i l y  ob ta ins  from ( 1 9 ) ,  i f  the ¡3^ . are a l l  r e a l
Ak Pk Ak '  Ak" cos 0 9 - v S ,+ Aou t ( 20)
10
where (k ^ k* ± k " )  and Au) = cu - u>2- u)^. Also
0 = Air -  (3-  ^ A ^  A2 A^ + A ^  A^ A^ + 3^ A^1 A^ A ^ s i n  0 (21)
From (20) one obta ins  two constants  o f  the motion
p2 A l 2 -  Pl A22 = c x ; P3 At 2 -  A32 = c 2 ( 22)
This shows that i f  B B < 0,  then A, and A, , are bounded, and hence
k k k k
Ak„ i s  bounded. Furthermore, m ult ip ly in g  (21)  by A^ A cos 6 , y i e l d s  
a th ird  constant
Ai  a 2 a 3 sin 9 = S  + l p [  A i 2
2
I f  one sets  -  A^ , these constants  can be used in ( 2 0 ) ( f o r  k = 1) to
obta in
V  * 2pi  h  n 2 v  ( c ^ +
A ^Aou N 2  ^2 
3 ' 23, Nl^ /
= ± 2 s i g ^  ( P l ) { N P P 3 Nr  C2) ( g 3 Nr  C2) -  g l 2 (C3+ f f -  N p }  (23)
where ± = sign(A^ A2 A^ cos 0 ) .  Now, i f  Act = 0 ( three  resonant modes),
and 0 (0 )  = 0 or  tt  then C^= 0.  I f  a l l  3^ 0 then one can r e a d i l y  see
from ( 20) that unbounded s o lu t i o n s  can be obtained by taking 0 ( 0) = 0 ,
TT such that s ig n (3 k A^ A2 cos 0)>  0.  From (22) i t  then f o l l o w s  that a l l
s o lu t i o n s  o f  (19)  with 0i^= icuk and Act = 0 are bounded i f  and on ly  i f
2 ak 3k= 0 f o r  some set  {ak> 0 } .  Moreover the unbounded so lu t i o n s  are
-2s in g u la r ,  going as Nk~  ( 1-a t )  near the s i n g u l a r i t y .
An important po int  to note i s  that the s o lu t i o n s  o f  (20 ,21 )  can
be made bounded by a small  change in the l inear  term ( i f  the A (0)  are
1c
11
s u f f i c i e n t l y  sm a l l ) .  Thus, i f  Act  ^ 0, i t  can be seen from (23) that w i l l
be s t a b i l i z e d  i f  the square ro o t  vanishes as in c r e a s e s .  C lea r ly  f o r  large
enough Aü)(N°, N° , N°) dependent on the i n i t i a l  c o n d i t i o n s ,  a l l  s o lu t i o n s  w i l l  
be bounded. The d e t a i l s  are not o f  i n t e r e s t  here ,  but on ly  the f a c t  that the 
l in e a r  terms can have a s i g n i f i c a n t  in f lu e n c e  on the boundedness o f  the 
s o l u t i o n s .
This simple case a l s o  can be used to shed l i g h t  on the necessary  con­
d i t i o n s  f o r  s ingular  s o lu t i o n s  ( " e x p l o s i v e "  i n s t a b i l i t i e s )  r e c e n t ly  d iscussed
( 12)by Wilhelmsson,  S te n f l o  and Engelmann. In the present  context  one looks
f o r  s o lu t i o n s  o f  the form
ek
Ak = —  + 0 (1 )  ; 8 ■ e o + 0 ( t O - e> o
and cons iders  on ly  the most s ingular  terms o f  ( 2 0 ,2 1 ) .  One then r e a d i l y  
ob ta ins  the c on d i t ion s
B, B, , >0 and tan 9 = 0k k ' o
This necessary  co n d i t i o n  i s ,  however, not s u f f i c i e n t .  C le a r ly ,  from above,  i f  
Acu i s  s u f f i c i e n t l y  large  the so lu t i o n s  are bounded. However, the above n eces ­
sary con d i t ion  i s  based on ly  on the most s ingular  terms,  which do not depend 
on the value o f  Ago. I f  one c a r r i e s  the a n a lys is  to the next order  taking
\  2 A, = ~—~  + C. + 0 ( t  - t )  ; e = e + D(t  - t )  + 0 ( ( t  - t )  ) k t - t  k ' o ’ O O '  OO
one obta ins  (among other  co n d i t i o n s )
-D = Aoo -  (P1 e^1 P2 P3 + e t c . )  D cos6o -  C3 + C2 P3) + e t c . )  s in0o
+ (P3 032 P2 P3 + e t c . )  s in 6 o
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where e t c .  r e f e r s  to two permutations.  S ince ,  from the necessary  c o n d i t i o n  
sinQ = 0, one obta ins
-  D = Acu -3  D
which y i e l d s  a value f o r  D even when Auo^O. C lea r ly  th is  approach w i l l  
not in d i c a te  the con d i t ion s  f o r  nonsingular so lu t i o n s  when Acu^O. This 
d e f i c i e n c y  i s  r e la te d  to the f a c t  that t i s  never obtained by th is  method, 
and moreover t i s  r e la te d  to the i n i t i a l  c o n d i t i o n s ,  which determine 
whether the s o lu t i o n  i s  s in g u lar .  A simple example i l l u s t r a t e s  th i s  f a c t .
Thus the equation
. 2x = ax + x
has a s ingu lar  so lu t i o n  ( f o r  t > 0) i f  and only  i f  O'” 1 AnQ-ta/x ) ) > 0 ,
o
in which case the s i n g u l a r i t y  occurs  at t = 0i~l An ( l  +(ct/x ) ) .  S u bs t i tu t in gs o
the express ion
x ( t )  = S g ( t  - t ) k_1 
k=0 °
and equating powers o f  ( t Q- t ) ,  y i e l d s  the c o r r e c t  values f o r  3 ■ (and th ere ­
f o r e  a convergent s e r i e s ) ,  but g ives  no express ion  f o r  t - and, in p a r t i c u la ro r *
does not e s t a b l i s h  under what co n d i t i o n s  t i s  p o s i t i v eo ------------
Another in t e r e s t i n g  po int  should be noted about s ingular  s o lu t i o n s  
o f  ( 1 9 ) .  I f  one assumes that xk = zk/ ( t Q- t )  (where zk are complex) near 
the s i n g u l a r i t y ,  then i t  r e a d i l y  f o l l o w s  that a necessary  co n d i t i o n  i s
$k 3k , >0 (complex 3fc)
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I f  |3 = th is  impl ies  that
0^ + 0 , = 0,  or 2tt ( a l l  k , k ' )
I f  there are three or  more coupled modes, one conc ludes  that a l l  0 = 0 or
tv
a l l  0 = tt in other words,  a l l  $ are r e a l  and o f  the same s ign .  This i s
K. K.
qu i te  d i f f e r e n t  than the r e s u l t  obtained f o r  s ingular  s o lu t i o n s  o f  the 
A , namely
K.
S tan (0 + 0 ) = 0
, O K.k
fo r  some 0 . This can e a s i l y  be s a t i s f i e d  even i f  a l l  0 ^ 0,rr. However,
O K
when th is  l a t t e r  con d i t i o n  i s  not s a t i s f i e d ,  one f inds  from the equat ions 
f o r  0 (not 0 ) ,  that 0 -»« at  the s i n g u l a r i t y  o f  the A . This means that
K. K  K,
the x o f  equation (19)  r o ta te  i n f i n i t e l y  f a s t  in th e i r  in d iv id u a l  complex
K.
planes as one approaches the s i n g u l a r i t y ,  hence x^ i s  not o f  the form 
z ^ / ( t  - t ) ,  but rather e x p ( i \ ^ / t o - t ) / ( t o - t ) . Hence a s i n g u l a r i t y  in 
the v a r ia b le s  A^ can correspond to two r a d i c a l l y  d i f f e r e n t  types o f  singu­
l a r i t i e s  in the x^ v a r ia b le s  - one being an e s s e n t i a l  s i n g u l a r i t y .
What i s  even more important to n o t i ce  i s  the in f lu e n ce  o f  a 
re a l  part o f  O' in part o f  O' = i  to. + y then (20)  i s  rep laced  by
K. K  K. K.
^k ^k ^k + ^k ^ k 1 ^k" co s® (24)
where,  again (k  ^ k" ^ k " ) ,  and (21) s t i l l  a p p l i e s .  In th i s  case (22) i s  
r e p la c e d ,  f o r  example, by
dt ^ 2  A1 '  A2 2 ^ 2  Y1 A1 " Y2 A2 (25)
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This equat ion impl ies  that i f  e i th e r  y i s  p o s i t i v e  (corresponding to
K.
l in ear  i n s t a b i l i t y ) ,  and g g2 < 0 , then there are unbounded s o lu t ion s
(A, ^ 0 ) .  These s o lu t i o n s  may or may not be s ingular  (the sign o f  g i s  
K 3
not s p e c i f i e d ) ,  but in any case they are unbounded. Even i f  g^ so
that there i s  no s ingu lar  s o l u t i o n ,  the s o lu t i o n s  w i l l  be unbounded i f  
both y >0.  Thus the on ly  p o s s i b i l i t y  f o r  (21 ,24 )  to have on ly  bounded 
so lu t i o n s  when the system i s  l i n e a r l y  unstable  i s  f o r  on ly  one mode to 
be unstable (say Y1 >0) and g^  ^ g2 <0 ,  g 1 g3 >0.  The important quest ion 
then i s  whether these c o n d i t i o n s  are s u f f i c i e n t  as w e l l  as necessary .
To show that these con d i t i on s  are not s u f f i c i e n t ,  cons ider  the
equations
“  (A^ A2 A^ sinG) = Au> A^ A2 A^ cosG + r  A2 A3 s ine (26)
•JjT (A  ^ A2 A^ c o s 6 ) = - Act A^ A2 A^ sinG + T A^ A2 A^ cosG + S gk A^ ,2 A^,,2
where T = S Y^> which are obtained from ( 2 1 ,2 4 ) .  C l e a r l y ,  i f  Au; = 0 f i r s t  
equation shows that there are unbounded s o lu t i o n s  i f  T>0. C h a r a c t e r i s t i c a l l y  
one can not immediately conclude that the s o lu t i o n s  A ( t ) ,  are bounded when
K.
r<o.
What has been es ta b l i sh e d  about tfye s o lu t i o n s  o f  (21)  and (24) i s  
on ly  that i f  Y ^ O ,  there are unbounded s o lu t i o n s  i f  any o f  the f o l l ow in g  
cond i t ions  hold:
a) i f  g^ g2>0 o r  g3>0
b) i f  e i t h e r  Y2 or  Y3 p o s i t i v e
c)  i f  Add = 0 and S y, >0k
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However, i f  y^X),  no s u f f i c i e n t  c o n d i t i o n  f o r  bounded so lu t i o n s  has been 
o b t a i n e d .
To in d i c a te  the d i f f i c u l t y  in  e s t a b l i s h in g  s u f f i c i e n c y ,  c ons ider  
the s implest  case o f  resonance (Ao)=0), and the p a r t i c u la r  s o lu t i o n  0=0. 
Then the three equations (24)  are o f  the form
A1 Y1 A1 + ^1 A2 A3 (27)
A2 Y2 A2 P2 A1 A3
A3 Y3 A3 ^3 A1 A2
where now Yk * $k>0,   ^ Y3 > and Ak (0)  >0. I t  can be seen that the non­
l in e a r  term i n i t i a l l y  makes more unstab le .  The c o n d i t i o n  Y2 j* y i s  
required  f o r  boundedness,  s ince  otherwise  = (P ^ /P ^ )2 A^ y i e l d s  and 
unbounded s o l u t i o n .  Equation (27)  th e r e fo r e  represents  the s implest  three ­
mode, l i n e a r l y  unstable system which may have on ly  bounded s o l u t i o n s .  
C lea r ly  i f  A  ^ A^ does not change s ig n ,  A i s  unbounded. However, from the 
equation
dt (A2 V = '  (Y2 + V  A2 V (P2 A3 + P3 A2)A1
one can conclude  that i f  A  ^ and A^ do not s imultaneously  go to zero then,  
s ince  A^ i s  assumed to be in c r e a s in g ,  A  ^ A^ w i l l  change s ign .  This tends 
to s t a b i l i z e  A^, so that the unbounded nature o f  the s o lu t i o n  i s  not
t r i v i a l  even i f  true .  Some weight can be given to unbounded s o lu t i o n s  by
i
examining the form o f  the s ta t i o n a ry  po ints  o f  (27)  around the o r i g i n ,  A = 0,
K
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namely
A° = © ( V 2 V3) % , A° = ± © ( Yl Y3) % . A° = T (Yi  Y2) %
where the signs are c o r r e la te d  in an obvious  manner. I f  one l i n e a r i z e s  
about these p o i n t s ,  g e t t in g  A^= A° + B^, and looks  f o r  the normal modes 
c  = 2 such that C = vC, one f inds  that f o r  a l l  s ta t ion a ry  p o in t s .
v3 + (Y2 + V3 - Yl) v2 + 4y x Y2 Y3 = 0
Since the ro o t s  must s a t i s f y  u2 U3 = ~ ^ 1  Y3 and U1 U2+ U1 U3 +
^2 = 0 one e a s i l y  e s t a b l i s h e s  that two r o o t s  must have p o s i t i v e  re a l
p a r t s .  Hence a l l  s ta t i o n a r y  po in ts  are unstab le .  This f a c t  does not 
e s t a b l i s h  the unbounded character  o f  the s o lu t i o n s  o f  ( 2 7 ) ,  but i t  does 
show that any bounded s o lu t i o n  can not be s t a t i o na r y . The net r e s u l t  o f  
these con s id e r a t io n s  i s  that no p ro o f  o f  the boundedness or unboundedness o f  
s o lu t i o n s  o f  (27)  have been ob ta ined .
We now summarize the r e s u l t s  o f  th i s  s e c t ion :
1) The problem o f  e s t a b l i s h in g  s u f f i c i e n t  c on d i t ion s  f o r  which 
a l l  s o lu t i o n s  are bounded i s  much more d i f f i c u l t  than 
ob ta in ing  s u f f i c i e n t  c o n d i t i o n s  f o r  unbounded s o l u t i o n s .  The 
d i f f e r e n c e  a r i s e s  from the f a c t  that the former problem 
g e n e r a l l y  in vo lves  a l l  equations  o f  motion ( in  l i eu  o f  a 
L iaponov-type f u n c t i o n ) ,  whereas the l a t t e r  can be e s ta b l i sh e d  
from p a r t i c u la r  s o l u t i o n s .
2) The necessary  co n d i t i o n s  f o r  a s ingular  s o l u t i o n ,  obtained 
from a c o n s id e r a t io n  o f  the most s ingular  terms, i s  not
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g e n e ra l ly  s u f f i c i e n t .  Linear terms are capable o f  removing 
such s ingu lar  s o l u t i o n s .  Moreover the absence o f  s ingular  
s o lu t i o n s  does not imply boundedness (as i l l u s t r a t e d  by (2 5 ) ,  
with Y jX ) ,  Y2>0 and P2< 0 ) .
3) S ingular s o lu t i o n s  o f  the amplitudes A can correspond to
K.
two r a d i c a l l y  d i f f e r e n t  s ingular  s o lu t i o n s  f o r  the x ,
1c
depending on whether the c o e f f i c i e n t s  3^ are r e a l  or  complex.  
In the l a t t e r  case the x^ must r o ta te  i n f i n i t e l y  f a s t  at  the 
s ingular  time ( in  t h e i r  complex p la n e ) .
4.  Coupled Mode Equations
The nonl inear  equations (12)  and (13)  are much more d i f f i c u l t  
to analyse than those d iscussed  in the l a s t  s e c t i o n .  Consider ing the 
l im ited  success  in t re a t in g  even these s im pl ier  equat ions ,  one i s  fo r ced  
to e i th e r  g r e a t ly  s im p l i f y  ( 1 2 - 1 3 ) ,  or e l s e  to r e v e r t  to computer s o lu ­
t ions  o f  these equation (aga in ,  in  a trucated form).  Before  d is cu ss in g  
the r e s u l t s  o f  some o f  these computer so lu t i o n s  (S ec t ion  5 ) ,  we w i l l  
cons ider  here the coupled normal mode equations which a r i s e  from (12-13)  - 
in the hope that they w i l l  shed some l i g h t  on the most e f f e c t i v e  coupl ing  
between d i f f e r e n t  frequency components.
S
I f  one introduced  the funct ions
M± ( ^ , z > = “ C i / 8) 1^ ± ( f i )N(Q, z)  + V (Q, z ) ) (28)
where ct+ (Q) i s  given by (1 5 ) ,  then equat ions (12-13) reduce to the simple
form
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& V fi>z> <j± (Q)M± ( n , z )
+  1 CT (fi) S '
±  ,±
O'
a± (Q ')
+ Q-Q'cr± (Q-Q') +
Q
a± (Q) ■} M± (Q, )M± (Q-Q ')  (29)
where the ±  s igns are the same on a l l  func t ions  with the same frequency 
argument, and the sum i s  on both O' ( /  Q) and the two independent sets  
o f  ±  s i g n s .
Since ct(Q) i s  r e l a t i v e l y  small ou ts ide  the unstable  frequency 
range,  i t  i s  c l e a r  from (29) that an unstable  mode i s  most in f luenced  
by modes ou ts id e  o f  th i s  range.  For large Q the coup l ing  c o e f f i c i e n t  
(Q/ct) approaches the value (Q/i|i2) - a large  imaginary va lue .  For 
1 »  Q, th is  c o e f f i c i e n t  ob ta ins  a maximum value o f  p, 2 f o r  Q=0(|j,2) - 
that i s ,  a large  r e a l  va lue .  To determine the l o c a t i o n  o f  th is  maximum, 
assume that l-|i »  Q »  |i, and obta in  f o r  the r e a l  part o f  (Q/cr)
Re(Q/a)  ~  (2(jl) ;
? ?
~2Q (1 -3Q )+ %u' 7 2
2 2 2' Q ( l - 2 i T ) +  |i 'T -~
-k
'2 i i -n 2- (30)
This has i t s  maximum value at
n 2 ^3  Ü = —  M. or Q = .931 |i (31)
hI t  has been assumed in th i s  d e r iv a t io n  that |i »  |i. In th is  case the 
coupl ing  o f  an unstable  mode (T2 ~  1) to the mode (31)  can only  be done 
by a th ird  mode whose frequency ,  Q' ~  l i e s  o u ts id e  the most unstable
frequency range 1 + %|i> 0 > l-2fjb„ This impl ies  that two unstable  modes 
do not couple  to the low frequency mode (3 1 ) .  Instead they couple  to a
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mode o f  frequency Q = 0(|i) . I f ,  however,  one sets  Q = sp,, (s  »  p, 2) 
then one f in d s  f o r  the coupl ing  constant
—  2T (_ 5 2 _ ) 2 { [ 8  +  ( S 2+ 1 )%] %-  i [ - 8  +  ( s W ] %}
^2p,(s +1)
(32)
which can s t i l l  be comparable with the maximum value o f  p 2 ( e . g . ,  i f
0 = M», Re(Q/a)  ~  »77 p 2) . Thus, whi le  the coupl ing  o f  two unstable
modes to a low frequency mode i s  not as e f f i c i e n t  as the coupl ing  to a
high frequency mode, i t  might play a r o l e  in s t a b i l i z i n g  the unstable
2 - kmodes. We might f i n a l l y  note that f o r  Q = 1-sp (s «  p 2) , the coupl ing  
constant  equals
2~^ + ( s ^ + 1 )2] 2- i [ - s  + ( s “+ l )2 . - v h-jh
which i s  r e l a t i v e l y  small .
Since  the harmonic coupl ing  i s  r e l a t i v e l y  s t rong ,  we next con­
s id er  the probable  in f lu e n c e  o f  such coupl ing  on an unstable mode. From 
(29) we o b ta in  the s i m p l i f i e d  equations
^  M(fi) ~  CT(n) M(fi) + i  M(2fi)M*(fl)
X -  M(2fl) ~  a(2Q) M(2fi) + 2 i  n M2 ( « )
(33)
where now Q ~  1 (an unstable  mode).  For nonl inear  equat ions o f  th i s  form, 
i t  i s  not d i f f i c u l t  to show that there i s  always a s ingular  s o l u t i o n ,  
rega rd less  o f  the values  o f  the (complex)  nonl inear  c o e f f i c i e n t s .  Whether 
o r  not an i n i t i a l  s ta te  M(nQ,z=0) ~  0 becomes s ingular  apparently  depends
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on the in f lu e n c e  o f  the l in e a r  terms (as in  (23) and the f i r s t  example 
in f o o tn o te  ( 1 3 ) ) .  Despite  the apparent s i m p l i c i t y  o f  the four equations 
( 3 3 ) ,  no con d i t i on s  f o r  bounded s o lu t i o n s  have been found to d a t e .
5.  Computer So lut ions
In order  to ob ta in  in formation  concerning the dynamics o f  
more than three coupled modes, a number o f  computer c a l c u la t i o n s  were per ­
formed. The b a s i c  equations used were ( 1 2 ,1 3 ) ,  except  that the terms
- n r  n (q ) , - n r  v (n )  ( 34)
were appended to the r i g h t  s ide  o f  (12)  and (13) r e s p e c t i v e l y .  The i n t r o ­
duct ion  o f  the fu n c t ion  T i s  to simulate^ the damping o f  the harmonic modes 
( e . e . ,  n »  1) due to th e i r  resonant i n t e r a c t i o n  with the beam p a r t i c l e s .  
This m o d i f i c a t i o n  o f  the equations (which,  o f  course ,  i s  not un ique) ,  
y i e l d s  the l in ear  r e s u l t  (17)  provided that
T = (| i /a )2 (A v , /u  ) b o
For these computations the value p, = 0.1  was used,  and
values o f  T from zero to 2.5 were cons idered .  Since d is tances  are descr ibed
by z ,  equation ( 1 1 ) ,  the values o f  Oi and (Av , /u  ) do not have to be s p e c i -b o
f i e d .  For \i = 0 .1 ,  the most unstable mode occurs  f o r  Q ~  1 - %(|jl/ 3 2) ~  .97 ,  
which has a growth ra te  CT = 3 7 /8^ = .806.  Equations (12-13)  are so lv e d ,  
and the amplitudes
A(z ,Q)  = |N(z,Q)|2
21
are obtained and p l o t t e d  in the f o l l o w in g  f i g u r e s .  I t  should be emphasized 
at the o u t s e t ,  that much o f  what i s  shown in these f i g u r e s  has nothing to 
do with p h y s i c s ,  but on ly  with mathematics. This i s  the case when any 
o f  the A(z ,Q) have a value larger  than u n i ty ,  s in ce  th i s  may correspond 
to negat ive  d e n s i t i e s .
Figures  (2 -4 )  i l l u s t r a t e s  the in f lu e n c e  o f  the l in e a r  damping 
o f  the harmonics on the i n s t a b i l i t y  in the case where on ly  f i v e  modes are 
considered:
= .94 , = »97 (two unstable  modes)
0 3 = 2Q1 , Q4 = 2Q2 , Q5 = Q + Q2
In Figure 2, the harmonic damping i s  zero (r=0 ), and one c l e a r l y  sees that 
the harmonic generat ion  enhances the i n s t a b i l i t y  leading (probably )  to 
an e x p lo s iv e  i n s t a b i l i t y .  In Figure 3,  the damping i s  taken to be T=1.5,  
and the harmonic waves grow more s low ly .  The l e s s  unstable  mode ( A ^  
sa tu ra tes ,  and i t s  harmonic and the sum mode (A^) saturate  and decay.
While the e x p lo s iv e  nature o f  the i n s t a b i l i t y  i s  apparently removed, the 
unstable  behavior o f  A^ and i t s  harmonic,  A^, i s  not c o n t r o l l e d .  I f  the 
damping i s  fur ther  increased  to T=2.5 ,  as in  Figure 4, the q u a n t i ta t iv e  
fea tures  are changed, but the i n s t a b i l i t y  i s  s t i l l  not c o n t r o l l e d .  In 
p a r t i c u l a r ,  the l i n e a r l y  damped harmonic o f  A  ^ i s  s t i l l  unstab le .
From r e s u l t s  such as shown in Figures  (2 -4 )  one can draw only  
l im ited  co n c lu s io n s .  Namely one can not conclude that mode coupl ing  does 
not c o n t r o l  i n s t a b i l i t i e s ,  but on ly  that the present  f i v e  mode system is
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unstab le .  The natural  quest ion  then i s ,  does the in c lu s i o n  o f  many modes 
help  to produce s t a b i l i t y ?  This has been examined with many examples,  
and the apparent answer i s  no.  Thus, Figure  2 has been e s s e n t i a l l y  re p r o ­
duced in  the case o f  f i v e  unstable  modes
(Q^, . . . ,  Q,.) = .88,  .91 ,  .94 ,  .97 ,  and 1.0
coupled with a l l  the sum frequenc ies  ( s i x  more modes) ,  which inc ludes  the
harmonics o f  the most unstable  modes.
The next case to be studied  i s  when higher  order  modes are
inc luded ,  together  with damping (which in creases  l i n e a r l y  with Q, accord ing
to ( 1 7 ) ) .  An example o f  such a computation i s  shown in  Figure 5.  In th is
case two unstable  modes are coupled to the harmonic and sum modes and
a lso  the second harmonic and sum modes - nine modes in a l l .  Note that on ly
the non l inear  reg ion  o f  z has been p l o t t e d ,  s t a r t in g  at z=3.  In th is
case ,  even though T=2 (so that the second harmonics have a strong l in ear
•"11 6zdamping, e . g . ,  e ) ,  the f i r s t  (A^) and second (A^) harmonics o f
the most unstable  mode (A^) do not saturate f o r  z < 10. Moreover the
second harmonic becomes la rger  than the f i r s t  harmonic.  This suggests
that the p o s s i b l e  shortcoming o f  these c a l c u l a t i o n s  i s  that a s u f f i c i e n t
number o f  harmonics have not been inc luded ( t o  a c t  as an energy s i n k ) .
To examine th is  p o in t ,  a s in g l e  unstable  mode and f i v e  o f  i t s
harmonics were con s id ered .  The r e s u l t  i s  shown in  Figure  6. Since T=2
- 2 3 .5zagain ,  A  ^ i s  l i n e a r l y  damped as e * Despite  th i s  f a c t  one can see
that ,  although the amplitudes o f  the f i r s t  four  harmonics are s u c c e s s iv e ly  
smal ler ,  the l a s t  harmonic becomes abnormally l a rg e .  While the system
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appears to be bounded ( a po int  which can not be assured u n t i l  larger  
d is tan ces  are computed), the r e s u l t s  appear to have l i t t l e  p h ys ica l  s i g n i ­
f i c a n c e  because o f  the large  amplitudes (as noted a b o v e ) . Moreover the 
abnormal amplitude o f  the l a s t  harmonic i s  c l e a r l y  not p h y s i c a l l y  a c c e p t ­
able  .
As a f i n a l  e x p lo r a to r y  example,  the damping o f  the harmonics 
3
was changed to be \ Q rather  than TO. The quest ion  was to see whether th is  
increased  damping would c o n t r o l  the amplitude o f  the higher harmonic.
Figure 7 i l l u s t r a t e s  the r e s u l t  o f  such a computation.  In th i s  case the 
same nine modes were cons idered  as those in Figure 5 (the  i n i t i a l  cond i ­
t i o n s ,  however,  d i f f e r e d  s l i g h t l y ) .  I t  can be seen that the h ighest  
harmonic i s  s t i l l  dr iven  to large  amplitudes desp i te  the increased  damping.
While the r e s u l t s  o f  computations o f  the present  type cannot 
prove that mode coupl ing  i s  i n e f f e c t i v e  in  s t a b i l i z i n g  the l in e a r  in s t a ­
b i l i t y .  A l l  examples which have been examined in d i c a te  that th is  i s  the 
case .  Obviously i t  would be o f  grea t  i n t e r e s t  to ob ta in  some a n a ly t i c  
method to substant ia te  th i s  c o n c lu s io n .  None has been found to date .
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Figure 1. The re a l  (----- ) and imaginary ( ----- ) part o f  CT+ ( Q ) , equation
( 1 5 ) ,  f o r  four regions  o f  Q.
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Figure 2.  A so lu t i o n  o f  A (Q ,Z) = |n (Q ,z )| 2 , from equations (12 -13 ,  f o r
the frequency components Qn = .94 ,  = .97 ,  = 2Q, , Q. =l l  3 1 4
20^, Q,. 35 + Cl . The s o lu t i o n  has the character  o f  an
" e x p l o s i v e  i n s t a b i l i t y "  ( s in gu la r  s o l u t i o n ) .
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Figure 3. The same case as in Figure  1, except  that the harmonics are
damped accord ing  to ( 3 4 ) ,  with T = 1 .5 .  The s ingular  character  
i s  apparently removed, but the most unstable  mode and i t s  
harmonic are s t i l l  e s s e n t i a l l y  unbounded.
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Figure 4. The same as in  Figure 2 , except that T = 2 .5 .  The unbounded 
nature o f  the s o lu t io n  p e r s i s t s  even with th is  increased  
damping.
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Figure 5. A s o lu t io n  o f  (1 2 ,1 3 ,3 4 )  with F = 2 , f o r  the case o f  nine
frequency components: = .94 ,  = *97, = 20^,
Q_ = 2G , Q = 3CL, G_ = 2Q, + 0 o , G0 = Gn + G_, Q_ = 30o . The
d z o 1 /  i Z o i z y  z
in c lu s io n  o f  the second harmonics does not produce a bounded 
s o lu t io n .
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Figure 6. An unstable  mode coupled to f i v e  o f  i t s  harmonics = 97,
0^ = k f^ ,  k = 2 , .  . . , 6 )  with T = 2. The la s t  harmonic becomes 
abnormally large  d e sp ite  the strong l in e a r  damping.
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Figure 7. The same components as in  Figure 5 ,  but with T = % Q2 , producing 
a stronger damping o f  the h igher harmonics. The second harmonic 
(Ag) s t i l l  ob ta in s  a large  am plitude.
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